The effect of anisotropic scattering on the eigenvalues of a multiplying (c >1) and non-multiplying (c < 1) slab in one-speed neutron transport equation is studied. We have made some calculations, not only for the cases c < 1 and 0 < g < 1, but also the cases of c >1 and -1<g<0 by using the linear and quadratic approximations of the Henyey-Greenstein scattering kernel. The asymmetry parameter g consists of isotropic, backward and forward bias. An extensive numerical survey is carried out for the eigenvalues in order to provide an accurate evaluation. The numerical results indicate that the discrete eigenvalue increases with forward scattering and decreases with backward scattering in expansions of linear and quadratic anisotropic scattering.
INTRODUCTION
There is an increasing need to take into account the anisotropic scattering in many branches of physics. The accurate evaluation of certain parameters needs to take into account the anisotropy of neutral particle scattering in the nuclear applications. The eigenvalue spectrum of the transport operator consists of two parts. They are the discrete spectrum (v j > 1) and the continuous spectrum (-1 < v < 1). We present here an approximation method and corresponding computer code to compute all eigenvalues for linear and quadratic anisotropic expansion of the Henyey-Greenstein scattering kernel.
An important parameter in this analysis is the eigenvalue which has been the subject of many recent investigations [1] [2] [3] . The diffusion coefficient, or the diffusion length which is closely related to the discrete eigenvalues, can be inferred from the solution of the infinite medium transport problem with a given scattering kernel and absorption cross-section [4] [5] [6] [7] . The diffusion coefficient is obtained either from the P 1 approximation or from the asymptotic diffusion approximation of the transport equation. The diffusion length is produced by using the high order approximation in transport equation. In the latter case one essentially solves eq. (4) to obtain the discrete eigenvalue from which the diffusion length and diffusion coefficient are inferred. Since v j determines the rate of decrease of the asymptotic flux with distance, as is apparent from eq. (7), it is here called the asymptotic diffusion length. The diffusion length L has already been defined and it has been shown that this can be easily calculated for any medium. While diffusing through a medium, a neutron follows a zig-zag path and migrates a certain distance from its origin before being absorbed. This is a standard practice in neutron transport studies [8] .
There is a difference between the photon transport problem and the neutron transport. The scattering of near infrared photons in soft tissues is highly peaked in the forward directions. The scattering distribution for neutrons, in most of the applications, is isotropic or nearly linear anisotropic for almost all the materials of interest. For these purposes we consider the linear and quadratic scattering of Henyey-Greenstein kernel. The Henyey-Greenstein kernel is given as 
where m 0 is equal to cos q 0 . The q 0 describes the angle between the direction of the neutron before and after the collision. The asymmetry factor g is positive if the scattering anisotropy is biased in the forward direc-tions and g is negative if the bias is backward [1, 9, 10] . The asymmetry factor g is also equal to the average of cosine of the scattering angle. In many cases, g assumes a value that is close to unity in the light transport. But g is not close to unity in eq. (1) for neutron transport calculation. Either g should be limited or the Henyey-Greenstein scattering should be modified to obtain an agreement with a respect to the reference value.
In this study we want to use the linear and quadratic approximations of the Henyey-Greenstein scattering in neutron transport calculation. This study expands our earlier work [3] by using the negative asymmetry values, and proves that the eigenvalue exists for some values of the asymmetry parameters and some absorption ratios.
THE TRANSPORT EQUATION AND SOLUTION
The approximations of the Henyey-Greenstein scattering kernel
The scattering law of interaction between the radiation and the particle may be written as f ( , ) r r W W¢ dW and quantitatively is the probability that a photon incident on the particle in the direction denoted by the unit vector ¢ r W will be scattered into the solid angle dW about the unit vector r W. For many media of interest we can write f ( , ) r r W W¢ dW= f(cos q 0 ) where cos q 0 = r r W W × ¢, f(cos q 0 ) is predicted or measured experimentally by the Henyey-Greenstein, Rayleigh or Mie scattering theories.
There have been many attempts to find rational approximations to f(cos q 0 ) and the formulate approximate models which contain the essential features. Typical of the former approach is that of Henyey and Greenstein who propose eq. (1). This has the useful property in terms of Legendre polynomials that is This means that when eq. (1) is expanded in powers of g, the coefficient of (2l + 1)g l is Legendre polynomials, where the mean cosine of the scattering angle m 0 is defined as m 0 = g. Thus, as g varies from -1 to 1 we trace out the transition from pure back scattering through isotropy to purely forward scattering. It is known that the first three terms in eq. (2) are sufficient for neutron transport in nuclear reactor theory. For l = 0, eq. (1) corresponds isotropic; for l = 1, eq. (2) corresponds linear anisotropic scattering; for l = 2, eq. (2) corresponds quadratic anisotropic scattering [7, 11] .
The Henyey-Greenstein scattering is considerably larger, and depends strongly on g. This scattering phase function is commonly used in studies of light propagation and radiative transfer. The g gets values between -1 < g < 1, such as, 0.65 < g < 0.95 in biological tissues. The scattering is not strongly anisotropic for nuclear reactor calculation. The anisotropic order and anisotropy factor g should be chosen correctly.
We begin our analysis by considering the transport equation for a neutron population in multiplying (c > 1) and non-multiplying (c < 1) systems. For convenience we take the origin at the center of the slab so that the slab extends from x = -d/2 to x = d/2. The system is surrounded by a vacuum. Then, with the conventional notation, the starting linear transport equation for neutrons of one speed can be written as [4, [12] [13] [14] 
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Here, the y(x, m) is the neutron flux density depending on x and m (m is the cosine of the angle between the positive x-axis, and r W), with dW = dm'dj. The q and j are the axial and azimuthal angles of r W, respectively. All distances are measured in units of the neutron mean free path (mfp). The S s and S t denote the macroscopic scattering and total cross-sections in the time independent system. The neutron flux density may be assumed to decay exponentially with space for all r W. The recalling of the addition theorem for Legendre polynomials in terms of spherical harmonics, and plugging this expansion into eq. 
The spherical harmonics method
The knowledge of neutron flux distributions is important in the design of experiments and to the utilization of the nuclear reactor. Knowing the neutron flux at different positions in the reactor allows researchers and reactor operators to determine how long and where in the core samples must be irradiated in order to achieve a desired activity.
According to the above section, it is sufficient to solve the corresponding integro-differential eq. (4). For the solution, the angular flux is expanded in a series of Legendre polynomials as This expansion and the scattering function given by eq. (1) can now be substituted into eq. (4) in order to obtain the function f n (x). By multiplying both sides of the resulting equation by P m (m), integrating over m and utilizing the orthogonally properties and the recursion relations of Legendre polynomials [4, 8, 13] , after some rearrangement we have
with the requirement that f -1 (x) is zero. The spherical harmonics approximation (P N ) may be defined by considering the first N + 1of these equations and setting df N + 1 (x)/dx = 0. One may employ the well-known procedure of seeking a solution of the homogeneous eq. (6) in the form [4, 5] f n
where the G n (v) are some constants. Each of the f n (x) defined in eq. (7) will satisfy eq. (6) provided that the characteristic P N equations
are satisfied. The essential idea of the P N method is that f N + 1 (v) = 0, i. e., the permissible eigenvalue v j , is the j 
A physical interpretation of the diffusion length
The flux solution derived in eq. (7) can be employed to develop a physical interpretation of the diffusion length L. The mean straight distance x travelled by the neutrons from their point of thermalization to their final absorption can be expressed mathematically as the neutron normalized distribution function 
Substituting the relationship for the flux in eq. (7), eq. (9) becomes
Therefore, the diffusion length can be interpreted as mean straight distance travelled by the thermal neutrons from their point of thermalization to the location where they are absorbed.
In similar way, the mean square straight distance can be determined as
The square of the diffusion length can also be interpreted as twice the mean square straight distance in plane geometry.
For point sources
and
THE NUMERICAL RESULTS AND CONCLUSION
Many important problems in physics and practical applications in technology involve the motion of particles through an object or a medium. We compute the eigenvalue corresponding to the diffusion length of eq. (8b) by using the transport equation. We consider the linear and quadratic approximations of the Henyey-Greenstein scattering. In case of the linear anisotropy, the discrete and continuous solutions are given in tabs. 1-2. For the quadratic anisotropy, all eigenvalues are calculated and only discrete eigenvalues are given in tabs. 3-4. We discuss the numerical computation of the discrete eigenvalue v j , and other continuous eigenvalue v, truncating these expansions after N = 10 terms.
The discrete eigenvalue |v j | (in units of mean free path) is the largest real root or purely imaginary root of eq. (8b). The discrete eigenvalue v j is 5.945745254 and others continuous eigenvalue v are 0.17449, 0.50251, 0.76994, 0.94369 for c = 0.99 and g = 0.05 in tab. 1. For c = 1.01 and for g = 0.05, the discrete eigenvalue is 5.90147i. The absolute value of imaginary eigenvalue should be taken to obtain the diffusion length L. The discrete eigenvalue v j is known as diffusion length and characterizes the diffusive properties of the system. The diffusion coefficient D is then given by the expression [7, 8, 15 ] Tables 1 and 3 give eigenvalues of multiplying (c > 1) and non-multiplying medium (c < 1) for different free forward parameter g. Tables 2 and 4 give eigenvalues of multiplying and non-multiplying medium for backward scattering.
A nuclear reactor is the complex system consisting of fuel, moderators, coolant, control rods, and environmental structures. Since the reactor parameters are important for nuclear reactor systems, the values of parameters g and c should be adjusted. The variation of correct eigenvalue is given in tables. In fact, the expected roots do not appear if the parameter g is larger as seen in tab. 1. The accurate numerical results are obtained for low values of parameter g.
It is interesting to note that v j increases almost monotonically with the asymmetry parameter g. This is understandable. By increasing values of g, the parti- Table 2 . Discrete and continuous eigenvalue for backward scattering g < 0, N = 10 Table 3 . Selected discrete eigenvalues with quadratic anisotropy for forward scattering g ³ 0, N = 10 Table 4 . Selected discrete eigenvalues with quadratic anisotropy for backward scattering g < 0, N = 10 cles direct in the forward directions. When the negative values of g increase, the variation of v j starts to decrease. The asymmetry parameter g should be limited as given in tables for the neutron transport applications with the Henyey-Greenstein scattering. In this study, g should be ranged from -0.5 to 0.5. Our approximations are not good enough for cases -1 < g < -0.5 and 0.5 < g < 1. If scattering is strongly asymmetric (0.5 < g < 1) in some applications, the approximations of the Henyey-Greenstein scatering need more terms than l > 2 in eq. (2). Sahni, Dahl, and Sjostrand [7] have given representative values of the discrete eigenvalues and diffusion coefficient for some value of g and the case of c < 1. They used the Case method to solve the transport equation. In this study we use P N method. We have made some calculations not only for the case c < 1 but also for the case c > 1 by using approximations of the Henyey-Greenstein. When obtained results are compared to the values of references [4, [8] [9] [10] , they are quite similar.
We have proved the existence of the discrete eigenvalues, and hence the diffusion lengths for the linear and quadratic anisotropic scattering, given by the Henyey-Greenstein kernel. The P N method is quite general and applicable to all non-negative scattering kernels. If one needs diffusion coefficient, it can be easily and accurately obtained from the diffusion length in eq. (8) .
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Kadir KACIRA, Husejin BILKI], Faruk JASA ANIZOTROPNE APROKSIMACIJE HENI-GRIN[TAJNOVE FAZNE FUNKCIJE U TRANSPORTNOJ JEDNA^INI NEUTRONA
Prou~avan je uticaj anizotropnog rasejawa na svojstvene vrednosti jednobrzinske neutronske jedna~ine za plo~u sa umno`avaju}im (c > 1) i apsorbuju}im (c < 1) svojstvima. Kori{}ewem linearne i kvadratne aproksimacije Heni-Grin{tajnovog kernela rasejawa, obavqeni su prora~uni ne samo za slu~ajeve c < 1 i 0 < g < 1, ve} i za c > 1 i -1 < g < 0. Parametar asimetrije g usmerava rasejawe da bude izotropno, unazad, ili unapred orijentisano. U ciqu ispravne procene ta~nosti da je {irok pregled svojstvenih vrednosti. Numeri~ki rezultati ukazuju da se, pri linearnoj i kvadratnoj aproksimaciji anizotropnog rasejawa, diskretne svojstvene vrednosti uve}avaju kada je rasejawe unapred, a smawuju za rasejawe unazad. 
